We study the spin-wave excitations in α-RuCl3 by the spin-wave theory. Starting from the fiveorbital Hubbard model and the perturbation theory, we derive an effective isospin-1/2 model in the large Hubbard (U ) limit. Based on the energy-band structure calculated from the first-principle method, we find that the effective model can be further reduced to the K-Γ model containing a ferromagnetic nearest-neighbor (NN) Kitaev interaction (K) and a NN off-diagonal exchange interaction (Γ). With the spin-wave theory, we find that the K-Γ model can give magnetic excitations which is consistent with the recent neutron scattering experiments.
I. INTRODUCTION
Currently, considerable attention has been attracted to exotic physics driven by the interplay of the spinorbital coupling (SOC), crystal field and electronic correlation [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . Especially, in 4d or 5d transition metal materials, neither the Hubbard interaction U nor the SOC λ can solely lead to the insulating behavior. However, the interplay between U , λ and crystal field ∆ could induce the so-called spin-orbital assisted Mott insulator 1, 3, 5 . In d orbitals, an electron has total angular momentum J = s + L with orbital angular momentum L of five d orbitals and spin angular momentum s. When d orbitals are subject to an octahedral crystal field circumstance, these states are split into a t 2g triplet and an e g doublet. For the partially filled d 5 configuration under large crystal field, the low-energy physics is dominated by the t 2g orbitals and it is depicted by a single hole which has an effective orbital angular momentum l = 1 and an effective total angular momentum J eff = s − L ′ , where L ′ (s) is the effective orbital (spin) angular momentum of the t 2g orbitals. Thus, for a large SOC, the t 2g multiplet is divided into a J eff = 3/2 quartet and a J eff = 1/2 Kramers doublet with a reduced band width. Therefore, a moderate interaction U can open a Mott gap in the Kramers doublet. The significant consequence of this J eff = 1/2 Mott insulator state is that its low-energy spin model has been shown to be the Heisenberg-Kitaev (HK) model 13 , in which the celebrated Kitaev interaction is an unusual bond dependent exchange 14 . The pioneer examples are the 5d 5 -iridate compounds A 2 IrO 3 (A=Na, Li) 2,4,15-21 which contain honeycomb lattices with low-spin magnetic ions Ir
4+
and the edge-sharing octahedral crystal field. Unfortunately, the fact that Ir ions have large neutron absorption cross-section hinders the neutron studies 4, 15 . In addition, the trigonal distortions arouse the controversy about the application of J eff = 1/2 picture to iridates 22 . Recently, α-RuCl 3 which is a 4d 5 analogue of iridates was suggested as another candidate for the realization of the Kitaev interaction term [23] [24] [25] [26] [27] . In contrast to iridates, RuCl 6 octahedron is much closer to cubic and layers are weakly coupled by van der Waals interactions. Even though the value of SOC is expected to be smaller than that of 5d element, the intermediate SOC of Ru 3+ combined with correlation effects in a narrow Ru 3+ d band could also lead to the J eff = 1/2 picture 23, 24, [28] [29] [30] [31] . Experimentally, due to stacking faults, two different crystalline symmetries have been reported in this compound, including both P 3 1 12 24, 28, 32, 33 (P 3) and C2/m 25, [34] [35] [36] (C2) space groups. The neutron scattering 24, 25, 31 , Xray diffraction 36 and heat capacity [23] [24] [25] 33 measurements have pointed towards a zigzag type magnetic order at T N 1 ≈ 14 K and T N 2 ≈ 8 K which are associated with stacking faults. Moreover, above magnetic ordering temperature the broad continuum scattering is observed not only in inelastic neutron scattering (INS) 24, 37 but also in Raman scattering 38 , which suggests that α-RuCl 3 may realize Kitaev physics. The INS experiments 37 suggest that the Kitaev interaction is antiferromagnetic, but below T N 1 a spin gap near M point is observed 24, 37, 39 , which is not consistent with the theoretical results based on the HK model with an antiferromagnetic Kitaev interaction. Therefore, the HK model is not enough to describe the physics in α-RuCl 3 . Moreover, many theoretical works suggested that the Kitaev interaction is ferromagnetic [40] [41] [42] . Besides, in previous work, the crystal field is expected to be large enough so that one can only take the t 2g manifold into account at low energies. However, the crystal field splitting ∆ between e g and t 2g orbitals is estimated to be 2.2 eV from the XAS data 30, 43 , which is comparative to Hubbard interaction U . Therefore, it is necessary to study the effect of crystal field ∆ on the low energy behavior by including all of the five d orbitals.
In this paper, based on the tight-binding energy bands from the first-principle calculations on α-RuCl 3 , we derive a minimal isospin model which contains only the nearest neighbor (NN) ferromagnetic Kitaev term and isotropic antiferromagentic off-diagonal exchange interaction, by projecting the five-orbital Hubbard model onto the lowest Kramers doublet. By analysing the magnetic interactions, we find that the exchange between e g and t 2g orbitals can enhance the NN ferromagnetic Kitaev interaction K and off-diagonal exchange Γ, and reduce the NN ferromagnetic Heisenberg interaction J. We investigate the magnetic dynamics of this model which is consistent with the results of INS experiments 24, 37, 39 through the SU(2) spin-wave theory 4, 44 . We further verify the validity of the minimal isospin model through the comparison to the spin-wave excitations calculated from the exchange model containing all of the J eff = 1/2 and J eff = 3/2 states by use of the SU(6) spin-wave theory.
The paper is organized as follows. In Sec. II, we first introduce the second order perturbation theory and derive an effective exchange model at the strong coupling limit. By analysing the magnetic interactions based on the energy-band structure from the first-principle calculation, we then arrive at a minimal effective exchange model. In Sec. III, we introduce the SU(N) spin-wave theory 45, 46 and verify the validity of the minimal exchange model by calculating the spin excitation spectrum and the spin-spin correlation functions. Finally, the discussion and summary are given in Sec. IV.
II. MINIMAL EFFECTIVE MODEL
We start from the multi-orbital Hubbard model, which includes all of the five 4d orbitals of Ru 3+ in α-RuCl 3 . It is given as,
The kinetic energy term H t and crystal field H △ are expressed as
and
∆ i for a tightbinding fit of the band structure based on the densityfunctional theory (DFT) are listed in the Appendix A. H soc = i λL i · s i is the electron spin-orbital interaction. The on-site Coulomb interaction H int is given by
where U (U ′ ) is the intra-orbital (inter-orbital) Coulomb interaction, J H and J ′ are the Hund's coupling and the pairing hopping, respectively. In this paper, we employ U = U ′ + 2J H and J H = J ′ . Next, we consider the large U limit and derive an effective exchange model through the second-order perturbation approximation. In the perturbation theory, the total Hamiltonian of Eq. (1) is divided into two parts
Here, H 0 can be written as H 0 = i H 0i where H 0i denotes the Hamiltonian on the site i. Then, by projecting out the states in the high-energy subspace with the second-order perturbation approximation, we can obtain the effective Hamiltonian in the low-energy subspace as
where E ip is the eigenenergy of the p-th low-energy eigenstate |ip l of H 0i . Here, the subscript l indicates that the state |ip l is in the low-energy subspace of H 0i . H ij is the effective interaction between the sites i and j by projecting the original Hamiltonian in Eq. (1) into this low-energy subspace, and it can be formally expressed as
where H j→i 1 is the hopping term from j site to i in H t , |ip, jp
Here, |in h is the n-th eigenstate with eigenenergy E in of H 0i in the high-energy subspace, and the subscript h indicates that |in h is in the high-energy subspace of H 0i .
In the limit U ∼ ∆ ≫ t and λ ≫ t 2 U , the local degrees of freedom are governed by the lowest two manybody states of H 0i , labelled by |1 and |2 , which become the J eff = 1/2 Kramers doublet exactly when ∆ tends to infinity and the crystal-field splits in the t 2g orbitals (see Appendix A) are zero. Thus, we project H into the subspace of the Kramers doublet and expand the Hamiltonian H eff in the form of (5) which is just a constant can be dropped. Therefore, we obtain an effective model involving exchange interactions up to the third NN 47 ,
Here, ij , ij and ij denote the first NN, second NN and third NN bonds respectively. γ represents the direction of each bond as shown in Fig. 1 . For Z-type, X-type and Y -type bonds in Fig. 1 , (αβ)'s are (xy), (yz) and (zx) respectively. J and K are the magnitude of the Heisenberg and Kitaev interactions, Γ and Γ ′ are the off-diagonal exchanges. The second and third NN exchange interactions are generally smaller than the first NN interactions since their hopping integrals are much smaller than the first NN ones (see Appendix B), so only the main terms of the second and third NN exchange interactions are retained in Eq. (10) . In the case of the P 3 space group, the interactions are invariant for different directions due to the C 3 symmetry. However, for the low symmetric C2 space group, the interactions on the X and Y -bonds are equal but different from those on the Z-bonds. Moreover, in the case of the C2 space group, to make the J and Γ ′ terms on the X-type and Y -type bonds equal for the spin directions, we will take their average values 40 . The exchange interaction parameters in Eq. (10) depend on the hopping integrals between various orbitals, crystal field ∆, SOC λ, Hubbard interaction U and Hund's coupling J H . The hopping integrals are deter- The noticeable overall feature in Fig. 2 (a)-(d) is that the Heisenberg exchange term is much smaller than other terms in an extended range of parameters for λ < 0.15 eV which is the estimated maximum value for λ. 24, 30, 40, 43, 48 This arises from the nearly offset between the contributions to the J-term from the inter-band e g -t 2g superexchange channels and intra-band t 2g channels.
18 Fig. 2 (a) shows that the magnitude of the exchange interactions has a trend to decrease and then increase with the in-crease of U . As U increases the gap between the Kramers doublet and other excited states, the effective exchange interactions will decrease with U according to Eq. (6). In Fig. 2 (a) , we fix the value of J H /U , so the Hund's coupling J H increases with U . For the 4d 5 electron configuration, the Hund's coupling will decrease the energies of the excited states which contain a large weight of e g orbitals, so the exchange interactions increase with J H . Therefore, there is a competing relation between U and J H in determining the exchange interactions. We can see this point more clearly in Fig. 2 (g) , where the crystal filed ∆ is set at a deliberate large value, so that the effect of the e g orbitals is excluded and the effect of J H is suppressed. In this case, all the exchange interactions decrease with U . In Fig. 2 (i) , the large J H /U induces the ferromagnetic J interaction and enhances the values of the antiferromagnetic K interaction in the P 3 case, the ferromagnetic K interaction in the C2 case, and the ferromagnetic Γ interactions in both cases. The different signs of the K interactions in two cases depend on the hoppings in the t 2g orbitals. The antiferromagnetic K term in the P 3 cases comes mainly from the direct hopping t 3 between the d xy orbitals for the Z-bond. The K term in the C2 case is attributed to the indirect hopping t 2 between t 2g orbitals via chlorine ions. However, when ∆ is reduced to be comparable to the Hubbard U , as shown in panel (c), a large J H leads to the ferromagnetic K in the P 3 case and the antiferromagnetic J in both cases. It is also supported by their ∆ dependence. This is because a large J H /∆ increases the mixing of the e g and t 2g orbitals in the Kramers doublet, as shown in panels (f) where the number of electrons n e in the e g orbitals increases rapidly for J H /U > 0.19. Moreover, by comparing Fig. 2 (c) with (i), we find that the exchange channels between the e g and t 2g orbitals can enhance the magnitude of the Γ and K interactions. When the weight of e g orbitals in the Kramers doublet increases rapidly, the values of interactions are divergent and the J eff = 1/2 picture is no longer applicable. From the λ dependence as shown in Fig. 2 (b) , (e) and (h), we can see that in the large ∆ limit the values of interactions are suppressed with λ owning to the enhancement of the gap between the J eff = 1/2 and J eff = 3/2 states, which is consistent with previous work 40 . If ∆ is reduced, the increase of λ results in the same effect as the increase of J H /U , as seen in Fig. 2 (b) and (e). However, when λ is increased to 0.3 eV, the values of interactions increase slowly and even decrease. This is because the effect of the gap between the J eff = 1/2 and J eff = 3/2 states on interactions is greater than that of the e g -t 2g channels.
In α-RuCl 3 , ∆ ≈ 2.2 eV, U = 2 ∼ 3 eV and λ = 0.13 ∼ 0.15 eV 24, 30, 40, 43, 48 , so we find that the leading exchange interactions are K and Γ terms according to what we discuss above. Thus, we arrive at a minimal exchange model, The symbols are the same as those in Eq. (10). In the P 3 case, the symmetry allows
with a small amount δ 1 and δ 2 .
III. SPIN WAVE EXCITATION
We now turn to the calculation of the spin-wave excitations. Using the approach of the spin-particle mapping with Schwinger-Wigner bosons 49 , we map the lowenergy state |ip l to b † ip |0 with condition p b † ip b ip = 1, where b † ip creates a boson on site i with quantum number p and |0 is the vacuum state without any bosons. Here, we employ the fundamental irreducible representation of SU(N ) group with N the number of p. If the ground state of the system is an ordered state, one of the bosonic modes will condense. Therefore, in the local mean field approximation 46 , there exist a stable solution to minimize the ground state energy G|H ef f |G , where |G = i b † i,0 |0 is the mean-field ground state represented by the condensed boson b † i,0 which can be expressed as
For the case of J eff = 1/2 discussed above, the local rotation matrix U pp ′ (x i ) depends on two parameters 4,44 , i.e. x i = (θ i , φ i ), which are the parameters of the polar coordinates in local frame. For the SU(N ) spin-wave theory, the local rotation matrix has 2(N − 1) parameters, i.e.
. When one of the bosons condenses, the corresponding creation and annihilation operators are replaced by
where the subscripts of H denote the number of rotated bosons. In the linear spin-wave approximation, we only retain the first three terms of Eq. (14) . To find the ground state, we minimize the zero-order term H 0 ({x i }). When a set of proper parameters {x 0 i } are found, the first-order term H 1 ({x i }) vanishes 44 . Then, the dispersion is obtained by solving the quadratic term H 2 ({x i }) 47 . To search for various possible magnetic ground state including the zigzag order, we choose a magnetic unit cell involving four sites (see Fig. 1 ) to minimize the groundstate energy. To compare to the INS experiments 24,37,39 , we use the SU(N) 46 spin-wave theory to calculate the correlation functionS(q, ω)(zero temperature), which is defined as
with Q j (t) = e iHt Q j e −iHt . For the effective and minimum isospin models, the correlation function of the isospin operator
Firstly, to obtain a suitable values of K and Γ in the minimal isospin model in Eq. (11) for α-RuCl 3 , we optimize K and Γ to make the low-energy isospin excitations of Eq. (11) to be in accordance with those of Eq. (10) 3. Moreover, the classical ground states of both the minimal isospin model in Eq. (11) and the effective exchange model in Eq. (10) show the same zigzag magnetic order for these parameters.
We then perform the calculations of the SU(2) spinwave theory based on the minimal isospin model to compute the correlation function in Eq. (15) for the J eff = 1/2 isospin. The spin-wave Hamiltonian of the minimal isospin model in Eq. (11) is listed in Appendix C. The results are presented in Fig. 3 . We find that the isospin excitations show a gap at the M point and the maximal intensity is also near the M point, which agree well with the INS experiments 24, 37, 39 . Moreover, the direction of the magnetic moment
which L i is the orbital angular moment of the five d orbitals, tilts 36
• (48 • ) out of the ab plane in P 3 (C2) case, which roughly coincides with the experimental result of Ref. 36 .
As shown in Fig. 3 (a) and (b), we can find the dispersions show no qualitative difference in the P 3 and C2 cases, though the maximum intensities of the correlation functionS near the M point in the two cases are in different branches. In addition, the gaps of the isospin excitations in the P 3 and C2 cases are also consistent with each other, though the values of K and Γ are obviously different.
To further check the validity of the K-Γ model shown in Eq. (11), we construct a more complex effective exchange model by projecting the five-orbital Hubbard model in Eq. (1) to the subspace of the lowest six manybody states of the 4d 5 electron configuration. In this enlarged subspace, besides the J eff = 1/2 doublet, the J eff = 3/2 quartet is also included. Thus, in addition to the J eff = 1/2 isospin excitations, there are also the spin-orbital excitations between the J eff = 1/2 and J eff = 3/2 states. In this case, we use the SU(6) spin wave theory, in which the local rotation parameters become x i = (θ i,1 , · · · , θ i,5 , φ i,1 , · · · , φ i,5 ). We calculate the correlation functions in Eq.(15) of the quan-
, which correspond to the magnetic excitations in the J eff = 1/2 isospin subspace and those between the J eff = 1/2 and J eff = 3/2 states, respectively. Here, s i and L i are the spin and orbital angular momenta, respectively. The factor 2 of s i is Landé g-factor of spin. By performing the calculations, we find the ground state of this effective model is of a zigzag spin order, in which the Kramers doublet, G| p=1,2 b † ip b ip |G , has the dominant weight. This result provides a further support to the J eff = 1/2 isospin picture on which the minimal isospin model is based. More importantly, the low-energy spin-wave excitations (see Fig. 4 ) calculated from the SU(6) spin-wave theory based on this effective exchange model are also dominated by the J eff = 1/2 isospin, which is consistent well with those of the minimal isospin model (see Fig. 3 ). Thus, the minimal isospin model in Eq. (11) is suitable for describing the low-energy physics in α-RuCl 3 , and it can be used to investigate other magnetic properties such as the physics of Kitaev spin liquid. In addition, besides the J eff = 1/2 isospin excitations, we expect that the spin-orbital excitations between the J eff = 1/2 and J eff = 3/2 states revealed by the SU(6) spin-wave calculations in the high-energy parts of Fig. 4 can be observed by the future resonant inelastic X-ray scattering (RIXS) experiments.
IV. DISCUSSION AND SUMMARY
We derive a minimal effective isospin model from the five-orbital Hubbard model using the energy bands obtained from the first-principle calculations for α-RuCl 3 . The minimal model contains the ferromagnetic Kitaev term and the antiferromagnetic off-diagonal exchange term. We find that the e g -t 2g inter-band superexchange channels play an important role in determining the ef- fective exchange interactions on the first NN bonds in α-RuCl 3 . In the previous works 40, 41, 48 , the effects of the e g -t 2g mixing on the magnetic interactions have not been investigated in detail. In Ref. 40 and Ref. 41 , they only consider the t 2g orbitals to study the magnetic interactions and suggest the Kitaev interaction for the P 3 crystal structure is antiferromagnetic, as shown in Table I . Although the authors of Ref. 48 suggest that the e g -t 2g mixing enhances the antiferromagnetic Kitaev interaction K > 0 and the ferromagnetic Heisenberg interaction J < 0, they neglect the intra-atomic exchange interaction between the e g and t 2g orbitals. Here, by considering the Coulomb interactions between all five d orbitals, we find that the e g -t 2g mixing induces the ferromagnetic Kitaev coupling K < 0 in both the C2 and P 3 crystal structures and reduces the Heisenberg interaction J in both structures. Compared with the previous studies, the third NN Heisenberg interaction J 3 is also largely suppressed. This is caused by the different signs of the third NN diagonal hopping integrals in the t 2g orbitals as discussed in Appendix B. If the signs are all minus, the third NN Heisenberg interaction J 3 is greater than the third NN Kitaev interaction K 3 , as shown in Appendix B, which is consistent with the result from Ref. 40 .
Based on this effective isospin model we investigate the spin-wave excitation using the linear spin-wave theory and find it is consistent with the recent neutron scattering on α-RuCl 3 39 , especially the gap opening in the magnon dispersion. In our minimal K-Γ model, the basic reason of the gap opening is that it is lack of the continuous rotation symmetry, which prevents the Goldstone modes emerging in the magnetic ordering phase. Even though the other perturbing interactions present in the real material, the two exchange interactions in our minimal model still dominates the low-energy physics. Therefore, the gap of the magnon excitation also exists in the real material. Here, the K-Γ model is a minimal model to describe the magnetic properties of α-RuCl 3 , and it does not completely exclude the possible existence of a small J ( and other terms shown in Fig. 2 ). In fact, from Fig. 2 we can find that these interaction terms, which are not included in the K-Γ model, indeed have small non-zero values. However, the magnetic properties are mainly determined by the large K and Γ terms, and the TABLE II. Hopping parameters (in meV) for the first NN. A and B are the sublattice indices, Z1 and X1 bonds are shown in Fig. 1 (a) 
Z1
: The electronic structure calculations are performed with the generalized gradient approximation for the exchange-correlation functional as implemented in Quantum ESPRESSO package 50 based on the densityfunctional theory (DFT). To avoid double counting of the SOC 40 , the SOC were not included in these calculations. The five-orbital parameters (TB5) in the hopping matrix T ij from the maximally-localized Wannier orbital 51 calculation are shown in Table II, Table III and  Table IV for the first, second and third NN, respectively. Here, only the parameters along the Z, X-type bonds are shown, for other bonds in the P 3 (C2) case, the holistic hopping matrix can be recovered by applying inversion operations and C 3 rotations along the c-axis perpendicular to the ab plane (C 2 rotations along the Z 1 -bond). For comparison, we also list the values of hopping integrals from several previous works 40, 41, 48 , which only have three-orbital parameters. In our C2 case, the crystal structure is from Ref. 36 . In our P 3 case, an ideal chlorine octahedron is considered and the lattice constants are fixed at a 0 = 5.97Å, b 0 = 5.97Å and c 0 = 17.2Å
24 . The electron operators are expressed as ψ orbital models, repsectively. The crystal field in the P 3 case is given by The matrix representation is the same as that defined in Eq. 3. Due to the high symmetry in the P 3 case, there is only one kind of the crystal field split in the t 2g orbitals. However, the low symmetry in the C2 case allows three kinds of the crystal field splits in the t 2g orbitals, as shown in the next text. For the C2 case, the crystal field is written as
with ∆ = 2272.5 meV, ∆ 1 = −8.1 meV, ∆ 2 = −7.0 meV and ∆ 3 = −3.4 meV. The orbital angular momenta in the five-orbital model are expressed as
The three-orbital parameters (TB3) for the P 3 (C2) space group are also shown in Table V (Table VI) , which are qualitatively consistent with Ref. 48 (Ref. 40) . For the three-orbital model in the P 3 and C2 cases, the crystal fields h ∆ i are expressed as
with ∆ ′ 3 = −6.6 meV and
with ∆ 1 = −7.9 meV, ∆ 2 = −8.4 meV and ∆ 3 = −3.2 meV, respectively. The orbital angular momenta in the three-orbital model are expressed as
Based on the tight-binding fits, the band structure (black solid) without SOC are shown in Fig. 5 . The red dash lines in Fig. 5 are the band structures from the DFT calculation. The exchange interaction parameters in Eq. (10) This set of parameters is used to plot the red dash lines in Fig. 3 in the main text.
In Eq. (10), we have neglected some terms in the second and third NN exchange interactions, which are found 
Z2
: 
Z3
:
12.4 9.0 11.7 -9.0 dxz ↔ dxy 12.4 9.0 11.7 -9.0 X3: to be much smaller than the NN exchange interactions. Here, we show the J H dependence of the second and third NN exchange interactions neglected in Eq. (10) in Fig. 6 and Fig. 7 . Because the Hund's coupling J H has the most obvious effect on the exchange interactions as already seen from Fig. 2 , only the J H dependence is discussed here.
In Fig. 6 , the Dzyaloshinskii-Moriya (DM) interaction D ij = (D Fig. 7 . Comparing Fig. 6 to Fig. 2 , we find that the magnitude of the DM interactions and the off-diagonal Γ term for the second NN are much smaller than those of the first NN exchange interactions. The reason is that the second NN hopping integrals are much smaller than those for the first NN. Another reason is that the e g -t 2g mixing also decreases the DM and Γ interactions on second NN bonds. If we deliberately increase the crystal field to be unrealistic value ∆ = 210 eV which reduces the mixing of the e g and t 2g orbitals, the magnitudes of the DM and Γ exchange interactions are enhanced as shown in Fig. 6 (c) and (d) . Figure 7 shows the J H dependence of the Heisenberg interactions J 3 , the Kitaev interactions K 3 and the Γ 3 terms for the third NN bonds. From Fig. 7 (a) and (b), we find that the effect of the e g -t 2g mixing on the third NN diagonal magnetic interactions J 3 and K 3 is weak and the Heisenberg interaction J 3 is smaller than the Kitaev interaction K 3 . According to the Eq. (25) intra-orbital hopping integrals of the t 2g orbitals on the third NN bonds. The signs of these hopping integrals are different (see Table IV ), so the intensity of J 3 is small. However, for the t 2g three-orbital model, the signs are the same (see Tables V and VI) , which makes the Heisenberg interaction J 3 relatively large. Figures 7 (d) and (e) show that the e g -t 2g mixing reduces the third NN off-diagonal Γ interactions.
